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ABSTRACT

This research tests the accuracy of the Leslie matrix, which is a discrete
age-structured method that uses fertility and survival rates, as a tool for pre-
dicting women population. Based on available data for the year 2000, we
have constructed a Leslie matrix that predicts female population in the United
States for every five years from the years 2000 to 2020. To test the accuracy
of this method, we compare the aforementioned obtained projected data for
the year 2010 with the actual data for women population in the United States
obtained by the 2010 U.S. Census.

Key words: Leslie matrices, population.

INTRODUCTION

In “Essay on the Principle of Population,” Thomas Malthus was the
first one to offer a scientific explanation and variables influencing long-term
population projections (1). Such pioneering work prompted passing of Census
Act 1800, the first national census in Britain that has been collected every
decade since. In any projection, dimensions of population are the first to be
considered. The first complex dimension accounts for age and sex of the
species observed. In demography, a key dimension of population dynamics
is the distinction between men and women. To clarify, the population growth
almost completely correlates to the fertility rates of females. Thus, just by
observing female population and the growth within this subgroup, it is pos-
sible to predict population growth.

METHODS AND DATA

In 1945, P. H. Leslie constructed a matrix as a means to project popula-
tion of different species. The Leslie matrix requires three different categories
of data divided into equal age groups: survival rates for each age group of
females s , fertility rates for each age group of female population F,, and the
initial female population for each age group p.. The matrix is of dimension
nxn, where n is number of age groups. Data is distributed and calculated as
follows: fertility data occupies the first row of the matrix while survival rates
occupy the first sub-diagonal. To project population data, the t-th power of
the Leslie matrix is multiplied by the initial population vector x, where t is
the number of years between the initial and final year, i.e.,
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x,=L'x,,
where L is the matrix
FO Fl FZ Fn—z Fn—l
s 0 O 0 0
L= | 0 s; O 0 0 |
0 0 s, o o |
\0 0 0 0 s,_, 0 /

Forall Isisn, letl=ss,...s,,and m=F /s . i.e., I is the fraction of females
surviving from birth to age i and m_ is the number of females born, on aver-
age, to a female of age i. If A is a complex eigenvalue of the matrix L, then
)\ satisfies the discrete Euler-Lotka equation

n
1 == Z/’l_ilimi.
i=1

For further information, see (2), (3) and (4).

We used Census-based data for the year 2000 (see (5)) and applied
the Leslie matrix model to project population for the next two consecutive
5-year intervals by using fertility and survival rates from (6). To compare the
effectiveness of the Leslie matrix, we also used simulated data provided in
(7), which uses previous projections and modified data to predict population.
Moreover, we also analyze the spectrum (i.e., the set of eigenvalues) of each
of the Leslie matrices obtained by using both sets of data, with the goal to
compare our results with the conclusions of the Perron-Frobenius Theorem
(see e.g. (3)), which claims that any matrix with nonnegative real entries has
a unique largest real eigenvalue. The Leslie matrices, their eigenvalues and
the predictions for each set of data were obtained by using the software
MATHEMATICA 8.

RESULTS

Projections for the year 2010 obtained by using the Leslie matrix con-
structed from fertility and survival rates in Table I versus the data provided for
female population in (5) is shown in Figure 1. To better compare actual versus
projected values, Figure 2 shows how unreliable the data is by presenting
the percent error per age group. In comparison, simulated data published in
(7) gives better results, as shown in Table II. This data has been modified to
fit the anticipated projections and thus result in better accuracy. In Figures 3
and 4, the complex eigenvalues of the Leslie Matrices corresponding to each
set of data are shown. We can see that the Leslie matrices corresponding to
the data in Table I and Table II, respectively, have a real eigenvalue that is
larger than the others, which satisfies the conclusion of the Perron-Frobenius
Theorem. However, the magnitudes of the eigenvalues corresponding to
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the Leslie matrix obtained from Table II are very similar as shown in Figure
4, whereas the eigenvalues of the Leslie matrix obtained from Table I are
significatively different as shown in Figure 3.

DISCUSSION

Based on our results, we believe Leslie matrix projections are not reliable
for the age groups 0-10 and age groups over 85 years old, but are reliable
for the rest of the age groups. This claim is supported by our percent error
calculations, which show maximum error in projection to be 8%, whereas at
extremes it exceeds well above 50%. Furthermore, by the behavior of eigen-
values, we can see that available data is not enough to accurately predict the
population. In these age categories, we believe this is caused by inaccurate
data in fertility rates in the 0-10 and over 60 age groups. While the rates
may be very small, they are far from insignificant and result in such extreme
deviations of projections from accurate data. Simulated data used in (7), give
more accurate projections, which leads to conclusion that not all data is true
and/or available for age groups under 10 years old. When data for these
age groups is manipulated, the results are closer to the true value, which is
confirmed the data in Table II. Moreover, we have concluded that in order to
give better predictions using manipulated data, the available information has
to be manipulated in such a way that the corresponding Leslie matrix has
complex eigenvalues whose magnitudes are very close to the magnitude of
the unique largest real eigenvalue.
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2010 Census vs. Population projection by age
groups
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Figure 1. Comparison between actual vs. projected values.

Projection Percent Error per Age Group

Porcent e
s
=

50 ’—\ X

o » 4 4

5 I 15 ¥ 25 30 35 4D 45 50 55 o0 65 70 ¥5 BO BS 90 95 100 105
Mge (years)

Figure 2. Projection error between actual vs. projected values.
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Figure 3. Eigenvalues of the Leslie matrix corresponding to the fertility and
survival rates from Table I.

Figure 4. Eigenvalues of the Leslie matrix corresponding to the fertility and
survival rates from Table II.
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